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013.04.0Abstract This paper investigates the numerical solution of a fractionally damped dynamic system.
A single degree of freedom spring-mass mechanical system with fractional damping of order 1/2 is
considered for the analysis. Homotopy perturbation method (HPM) is used to compute the
dynamic responses of the system subjected to unit step and unit impulse loads. Obtained results
are depicted in terms of plots. Comparisons are made with the analytic solutions obtained by using
fractional green function of Podlubny (1999) [5] and numerical solution of [20,25] in the special
cases, to show the effectiveness and validation of the present analysis.
ª 2013 Production and hosting by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria
University.1. Introduction
In recent years, fractional calculus has been used to model
physical and engineering problems such as in solid mechanics,
ﬂuid mechanics, biology, physics and other areas of engineer-
ing and science. Since it is too difﬁcult to obtain the exact solu-
tion of fractional differential equation so, one may need a
reliable and efﬁcient numerical technique for the solution of
fractional differential equations. Many important works have
been reported regarding fractional calculus in the last few dec-61 2462713; fax: +91 661
(S. Chakraverty), diptiran-
lty of Engineering, Alexandria
g by Elsevier
ng by Elsevier B.V. on behalf of F
07ades. Relating to this ﬁeld, several excellent books have also
been written by different authors representing the scope and
various aspects of fractional calculus such as in [1–5]. These
books also give an extensive review on fractional derivative
and fractional differential equations which may help the reader
for understating the basic concepts of fractional calculus. As
regards, many authors have developed various methods to
solve fractional ordinary and partial differential equations
and integral equations of physical systems. Most commonly
used methods are Adomian Decomposition Method (ADM),
Variational Iteration Method (VIM), Differential Transform
Method (DTM), etc. which are described in [6–13] and the ref-
erences mentioned therein.
Some other related works are reviewed and cited here as
follows for a better understanding of the present investigation.
Half-order fractional derivative models of viscoelastically
damped structures have been studied by Bagley and Torvik
[14,15] in an excellent way. Laplace transform is considered
in [15] to ﬁnd the response characteristics. Also, Koeller [16]
has taken a fractional model to describe creep and relaxationaculty of Engineering, Alexandria University.
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formation is used to analyse the damping description of im-
pulse response function of oscillators with fractional
derivative. Time domain ﬁnite element analysis of viscoelastic
structures with fractional derivative is clearly explained in [19].
Eigenvector expansion method is successfully implemented in
[20] to ﬁnd the solution of a dynamic systems containing frac-
tional derivative. Various numerical methods are applied in
[19,21–25] to ﬁnd the responses of fractionally damped system.
Recently, homotopy perturbation method is found to be a
powerful tool for analysing this type of system involving frac-
tional derivatives. The homotopy perturbation method (HPM)
was ﬁrst developed by Ji-Huan He in 1999 [26,27], and many
authors applied this method to solve various linear and non-
linear functional equations of scientiﬁc and engineering prob-
lems. The solution is considered as the sum of inﬁnite series,
which converges rapidly to accurate solutions. In the homoto-
py technique (in topology), a homotopy is constructed with an
embedding parameter p e [0, 1], which is considered as a ‘‘small
parameter’’. Very recently, homotopy perturbation method
has been applied to a wide class of physical problems [28–34].
In the present analysis, the homotopy perturbation method is
used to handle the dynamic analysis of a fractionally damped sin-
gle degree-of-freedom spring-mass damper mechanical system.
The order of the fractional derivative of the damping factor is ta-
ken as 1/2. Although the formulation and the results are pre-
sented for a single degree-of-freedom model only, the approach
presented may easily be extended in a straight forward manner
to a multi-degree-of-freedom model.
In the following sections, preliminaries are ﬁrst given. Then,
implementations of HPM for fractional dynamic system with
unit step and impulse response functions are discussed. Lastly,
numerical examples and conclusions are given.
2. Preliminaries
In this section, we present some notations, deﬁnitions and pre-
liminary facts which are used further in this paper [1–5,12].
Deﬁnition 1 (Riemann-Liouville fractional integral). There are
several deﬁnitions of fractional integral. The most commonly
used deﬁnition is of Riemann-Liouville and Caputo [5]. The
Riemann-Liouville integral operator Ja of order aP 0 is
deﬁned by
JafðtÞ ¼ 1
CðaÞ
Z t
0
ðt sÞa1fðsÞds; t > 0:
Deﬁnition 2. The fractional derivative of f(t) in the Caputo
sense is deﬁned as follows:
DafðtÞ ¼ JmaDmfðtÞ
¼
1
Cðm aÞ
Z t
0
fðmÞðsÞds
ðt sÞaþ1m ; m 1 < a < m; m 2 N
dm
dtm
fðtÞ; a ¼ m; m 2 N
8>><
>>:
where the parameter a is the order of the derivative and it is
allowed to be real or even complex. In this paper, only real
and positive a will be considered. For the Caputo’s derivative,
we haveDaC ¼ 0; ðC is a constantÞ
Datb ¼
0; ðb 6 a 1Þ;
Cðbþ1Þ
Cðbaþ1Þ t
ba; ðb > a 1Þ
(
Similar to integer-order differentiation, Caputo’s fractional
differentiation is linear operation:
DaðkfðtÞ þ lgðtÞÞ ¼ kDafðtÞ þ lDagðtÞ;
where k and l are constants and satisﬁes so called Leibnitz rule:
DaðgðtÞfðtÞÞ ¼
X1
k¼0
a
k
 
gðkÞðtÞDakfðtÞ;
if f(s) is continuous in [0, t] and g(s) has n+ 1 continuous
derivative in [0, t].
Deﬁnition 3 (Mittage-Leffer function). A two-parameter func-
tion of the Mittage-Leffer type is deﬁned by the series expan-
sion [5]
Ea;bðzÞ ¼
X1
k¼0
zk
Cðakþ bÞ ; ða > 0; b > 0Þ:
Some basic properties of the fractional operator are [12]
1. J0f(t) = f(t).
2. J atb ¼ Cðbþ1ÞCðaþbþ1Þ taþb.
3. JaJbf(t) = Ja+bf(t).
4. JaJbf(t) = JbJaf(t).
5. DaJaf(t) = f(t).
6. J aDaf ðtÞ ¼ f ðtÞ Pm1i¼0 f ið0Þþ tii! ;m 1 < a 6 m; t > 0.3. Application of HPM to fractional dynamic systems
To develop numerical schemes for a fractionally damped mod-
el, let us consider a single degree-of-freedom spring-mass-dam-
per system [20,25] which is described by the following
differential equation
mD2xðtÞ þ cDaxðtÞ þ kxðtÞ ¼ fðtÞ ð1Þ
where m, c and k represent the mass, damping and stiffness
coefﬁcients, respectively. f(t) is the externally applied force,
and Dax(t), 0 < a< 1 is the derivative of order a of the dis-
placement function x(t). Although the coefﬁcient a (known
as the memory parameter) may take any value between 0 to
1, the value 1/2 has been adopted [20] here for this study be-
cause it has been shown that it describes the frequency depen-
dence of the damping materials quite satisfactorily (Bagley and
Torvik [14,15]). As discussed in [20,25], the present authors
considered the initial conditions as the initial displacement
x(0) = 0 and the initial velocity vð0Þ ¼ _xð0Þ ¼ 0. The homoge-
neous initial conditions are taken here to compare the solution
obtained by the present HPM with the solution of [20,25].
Now Eq. (1) can be written as
D2xðtÞ þ c
m
D1=2xðtÞ þ k
m
xðtÞ ¼ fðtÞ
m
ð2Þ
According to HPM, we may construct a simple homotopy
for an embedding parameter p e [0, 1] as follows
ÞDynamic responses of fractionally damped mechanical system using homotopy perturbation method 559ð1 pÞD2xðtÞ þ pðD2xðtÞ þ c
m
D1=2xðtÞ þ k
m
xðtÞ  fðtÞ
m
Þ
¼ 0; p 2 ½0; 1: ð3Þ
or
D2xðtÞ þ p c
m
D1=2xðtÞ þ k
m
xðtÞ  fðtÞ
m
 
¼ 0 ð4Þ
As discussed, p is considered as a small homotopy parameter
0 6 p 6 1: So in the changing process from 0 to 1, for p= 0,
Eqs. (3) and (4) become a linear equation that is D2x(t) = 0,
which is easy to solve. For p= 1, Eqs. (3) and (4) turns out
to be same as the original Eqs. (1) and (2). This is called defor-
mation in topology. D2x(t) and c
m
D1=2xðtÞ þ k
m
xðtÞ  fðtÞ
m
are
called homotopic.
Next, we can assume the solution of Eqs. (3) and (4) as a
power series expansion in p as
xðtÞ ¼ x0ðtÞ þ px1ðtÞ þ p2x2ðtÞ þ p3x3ðtÞ þ    ; ð5Þ
where xi(t), i= 0, 1, 2, . . . are functions yet to be determined.
Substituting Eq. (5) into Eqs. (3) and (4), and equating the
terms with the identical power of p, we can obtain a series of
equations of the form
p0 : D2x0ðtÞ ¼ 0;
p1 : D2x1ðtÞ þ cmD1=2x0ðtÞ þ km x0ðtÞ  fðtÞm ¼ 0;
p2 : D2x2ðtÞ þ cmD1=2x1ðtÞ þ km x1ðtÞ ¼ 0;
p3 : D2x3ðtÞ þ cmD1=2x2ðtÞ þ km x2ðtÞ ¼ 0;
p4 : D2x4ðtÞ þ cmD1=2x3ðtÞ þ km x3ðtÞ ¼ 0;
p5 : D2x5ðtÞ þ cmD1=2x4ðtÞ þ km x4ðtÞ ¼ 0;
p6 : D2x6ðtÞ þ cmD1=2x5ðtÞ þ km x5ðtÞ ¼ 0;
..
.
ð6Þ
Applying the operator L1tt (which is the inverse of the oper-
ator Ltt = D
2) on both sides of Eq. (6), one may obtain the fol-
lowing equations
x0ðtÞ ¼ 0;
x1ðtÞ ¼ Ltt  cmD1=2x0ðtÞ  km x0ðtÞ þ fðtÞm
 
¼ c
m
D3=2x0ðtÞ
 k
m
D2x0ðtÞ þD2 fðtÞm
x2ðtÞ ¼ Ltt  cmD1=2x1ðtÞ  km x1ðtÞ
  ¼  c
m
D3=2x1ðtÞ  kmD2x1ðtÞ
x3ðtÞ ¼ Ltt  cmD1=2x2ðtÞ  km x2ðtÞ
  ¼  c
m
D3=2x2ðtÞ  kmD2x2ðtÞ
x4ðtÞ ¼ Ltt  cmD1=2x3ðtÞ  km x3ðtÞ
  ¼  c
m
D3=2x3ðtÞ  kmD2x3ðtÞ
x5ðtÞ ¼ Ltt  cmD1=2x4ðtÞ  km x4ðtÞ
  ¼  c
m
D3=2x4ðtÞ  kmD2x4ðtÞ
x6ðtÞ ¼ Ltt  cmD1=2x5ðtÞ  km x5ðtÞ
  ¼  c
m
D3=2x5ðtÞ  kmD2x5ðtÞ
..
. ð7Þ
and so on.
Now substituting these terms in Eq. (5), one may get the
approximate solution of Eq. (1) as follows.
xðtÞ ¼ x0ðtÞ þ x1ðtÞ þ x2ðtÞ þ x3ðtÞ þ x4ðtÞ þ x5ðtÞ þ x6ðtÞ
þ   
The solution series converge very rapidly. The proof of con-
vergence of the above series may be found in [26,27]. The rapid
convergence means that only few terms are required to get the
approximate solutions.4. Step function response
We will now consider a stationary oscillator subjected to an
excitation of the form f(t) = u(t), where u(t) is the Heaviside
function with unit step load in Eq. (1). By using HPM, we
have
x0ðtÞ ¼ 0
x1ðtÞ ¼ 12m t2uðtÞ
x2ðtÞ ¼  cm2 t
7=2
Cð9=2Þ  km2 t
4
Cð5Þ
 
uðtÞ
x3ðtÞ ¼ c2m3 t
5
Cð6Þ þ 2kcm3 t
11=2
Cð13=2Þ þ k
2
m3
t6
Cð7Þ
 
uðtÞ
x4ðtÞ ¼  c3m4 t
13=2
Cð15=2Þ  3kc
2
m4
t7
Cð8Þ  3k
2c
m4
t15=2
Cð17=2Þ  k
3
m4
t8
Cð9Þ
 
uðtÞ
x5ðtÞ ¼ c4m5 t
8
Cð9Þ þ 4kc
3
m5
t17=2
Cð19=2Þ þ 6k
2c2
m5
t9
Cð10Þ þ 4k
3c
m5
t19=2
Cð21=2Þ þ k
4
m5
t10
Cð11Þ
 
uðt
x6ðtÞ ¼  c5m6 t
19=2
Cð21=2Þ  5kc
4
m6
t10
Cð11Þ  10k
2c3
m6
t21=2
Cð23=2Þ  10k
3c2
m6
t11
Cð12Þ

 4k4c
m6
t23=2
Cð25=2Þ  k
5
m6
t12
Cð13Þ

uðtÞ
..
.
ð8Þ
In the similar manner, the rest of the components can be
obtained. Therefore, the solution can be written in the general
form as
xðtÞ ¼ uðtÞ
m
X1
r¼0
ð1Þr
r!
k
m
 r
t2ðrþ1Þ
X1
j¼0
c
m
 j ðjþ rÞ!t3j=2
j!C 3j
2
þ 2rþ 3  ð9Þ
¼ uðtÞ
m
X1
r¼0
ð1Þr
r!
k
m
 r
t2ðrþ1ÞEr3=2; r=2þ3
c
m
t3=2
 
ð10Þ
Now, Eq. (10) can be rewritten as follows
xðtÞ ¼ uðtÞ
m
X1
r¼0
ð1Þr
r!
ðx2nÞrt2ðrþ1ÞEr3=2; r=2þ3ð2gx3=2n t3=2Þ
where natural frequency xn ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k=m
p
and damping ratio
g ¼ c=2mx3=2n .
5. Impulse function response
In this section, we consider response subject to a unit impulse
load that is f(t) = d(t), where d(t) is the unit impulse function.
Again by using HPM, we obtain
x0ðtÞ ¼ 0
x1ðtÞ ¼ tm
x2ðtÞ ¼  cm2 t
5=2
Cð7=2Þ  km2 t
3
Cð4Þ
x3ðtÞ ¼ c2m3 t
4
Cð5Þ þ 2kcm3 t
9=2
Cð11=2Þ þ k
2
m3
t5
Cð6Þ
x4ðtÞ ¼  c3m4 t
11=2
Cð13=2Þ  3kc
2
m4
t6
Cð7Þ  3k
2c
m4
t13=2
Cð15=2Þ  k
3
m4
t7
Cð8Þ
x5ðtÞ ¼ c4m5 t
7
Cð8Þ þ 4kc
3
m5
t15=2
Cð17=2Þ þ 6k
2c2
m5
t8
Cð9Þ þ 4k
3c
m5
t17=2
Cð19=2Þ þ k
4
m5
t9
Cð10Þ
x6ðtÞ ¼  c5m6 t
17=2
Cð19=2Þ  5kc
4
m6
t9
Cð10Þ  10k
2c3
m6
t19=2
Cð21=2Þ  10k
3c2
m6
t10
Cð11Þ
 4k4c
m6
t21=2
Cð23=2Þ  k
5
m6
t11
Cð12Þ
..
.
ð11Þ
560 S. Chakraverty, D. BeheraAccordingly, the general solution may be written as
xðtÞ ¼ 1
m
X1
r¼0
ð1Þr
r!
k
m
 r
t2rþ1
X1
j¼0
c
m
 j ðjþ rÞ!t3j=2
j!C 3j
2
þ 2rþ 2  ð12Þ
¼ 1
m
X1
r¼0
ð1Þr
r!
k
m
 r
t2rþ1Er3=2; r=2þ2
c
m
t3=2
 
ð13Þ
Now putting xn ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k=m
p
and g ¼ c=2mx3=2n in Eq. (13)),
we may get
xðtÞ ¼ 1
m
X1
r¼0
ð1Þr
r!
ðx2nÞrt2rþ1Er3=2; r=2þ2ð2gx3=2n t3=2ÞFigure 1 Unit step response function for oscillators with natural
frequency xn = 5 rad/s and damping ratios g= 0.05, 0.5 and 1.
Figure 2 Unit step response function for oscillators with natural
frequency xn = 10 rad/s and damping ratios g= 0.05, 0.5 and 1.6. Analytical solution of the fractionally damped dynamic system
using fractional greens function [5]
The analytical solution of Eq. (1) can be obtained by using frac-
tional Green’s function for a three-term fractional differential
equation with constant coefﬁcients (see Section 5.4 of [5]) as
xðtÞ ¼
Z t
0
G3ðt sÞfðsÞds;
with the above discussed homogeneous initial condition. For
step function response when f(t) = u(t), the solution may be gi-
ven as
xðtÞ ¼ uðtÞ
m
X1
r¼0
ð1Þr
r!
k
m
 r
t2ðrþ1ÞEr3=2;r=2þ3
c
m
t3=2
 
ð14Þ
and for impulse response, i.e. when f(t) = d(t), the solution
may be obtained as
xðtÞ ¼ 1
m
X1
r¼0
ð1Þr
r!
k
m
 r
t2rþ1Er3=2;r=2þ2
c
m
t3=2
 
ð15Þ
Now one may see that the analytical solutions obtained for both
the response cases as represented in Eqs. (14) and (15) are exactly
same as the solution by HPM for unit step and impulse response
function given in Eqs. (10) and (13), respectively.
In Eqs. (10), (13), (14), and (15), Erk;lðyÞ is called the Mit-
tage-Lefﬂer function of two parameters k and l. Where
Erk; lðyÞ 
dr
dyr
Ek;lðyÞ ¼
X1
j¼0
ðjþ rÞ!yj
j!Cðkjþ krþ lÞ ; ðr ¼ 0; 1; 2; . . .Þ
For unit step response k= 3/2, l= (r/2) + 3 and impulse re-
sponse k= 3/2, l= (r/2) + 2.
7. Numerical examples and result discussions
As discussed above, here two response functions viz. unit step
and impulse response function have been considered for the
present analysis. The obtained results by the present analysis
are compared with the existing solution method [20,25] to
show the validation of the applied method. Computed results
are depicted in terms of plots. The results in special cases have
been compared with [20,25].
7.1. Case studies for unit step response function
Depending upon the values of natural frequency xn and damp-
ing ratio g, four cases have been considered here as follows. Inthe ﬁrst case, the numerical values of the parameters are taken
as xn = 5 rad/s, g= 0.05, 0.5 and 1. These values considered
for the present scheme are exactly same as the scheme of
[20,25] for comparison. Next, in case 2, three oscillators with
natural frequency xn = 10 rad/s, g= 0.05, 0.5 and 1 and sub-
jected to a unit step load are considered. Similarly, the values
of natural frequencies are taken as xn = 5 rad/s and 10 rad/s,
respectively, for the third and fourth cases with damping ratios
g ¼ ﬃﬃﬃpp ; 3 and 5. For ﬁrst, second, third and fourth cases,
computed displacements with respect to time are depicted in
Figs. 1–4 using HPM, respectively. It is interesting to note that
Fig. 1 exactly matches with Figs. 4 and 3 of [20,25], respec-
tively. Also the curves for g= 0.5 and 1 in Fig. 1 do not show
oscillations as [20,25] around the static equilibrium response
1=x2n ¼ 0:04. For the second case as shown in Fig. 2 exhibits
same behaviour as case 1. Displacement curves for g= 0.5
and 1 also do not show any oscillations around the static equi-
librium response 0.01. But one may notice from Figs. 3 and 4
for the third and fourth cases, which demonstrates that the
three oscillators for different damping ratios also do not show
any oscillations around the static equilibrium responses 0.04
and 0.01.
7.2. Case studies for impulse response function
Using Eq. (13), impulse response functions have been com-
puted for different values of natural frequency and damping
ratios as follows. In the ﬁrst numerical example, natural fre-
Figure 3 Unit step response function for oscillators with natural
frequency xn = 5 rad/s and damping ratios g ¼
ﬃﬃﬃ
p
p
; 3 and 5.
Figure 4 Unit step response function for oscillators with natural
frequency xn = 10 rad/s and damping ratios g ¼
ﬃﬃﬃ
p
p
; 3 and 5.
Figure 5 Impulse response function for oscillators with natural
frequency xn = 5 rad/s and damping ratios g= 0.05, 0.5 and 1.
Figure 6 Impulse response function for oscillators with natural
frequency xn = 10 rad/s and damping ratios g= 0.05, 0.5 and 1.
Figure 7 Impulse response function for oscillators with natural
frequency xn = 5 rad/s and damping ratios g ¼
ﬃﬃﬃ
p
p
; 3 and 5.
Figure 8 Impulse response function for oscillators with natural
frequency xn = 10 rad/s and damping ratios g ¼
ﬃﬃﬃ
p
p
; 3 and 5.
Dynamic responses of fractionally damped mechanical system using homotopy perturbation method 561quency xn = 5 rad/s and damping ratios g= 0.05, 0.5 and 1
are taken. Next, the same damping ratios with xn = 10 rad/s
[20] are considered for the oscillations. Obtained curves for dis-
placements are shown in terms of Figs. 5 and 6 for the above
two cases. One can notice that Fig. 6 exactly coincide with
Fig. 1 of [20] which shows the efﬁciency of the methodology.
As mention in [20], the impulse response for g= 1 has an
oscillatory character for both Figs. 5 and 6. Figs. 7 and 8 showthe oscillation curves for the natural frequencies xn = 5 rad/s
and 10 rad/s, respectively, for damping ratios g ¼ ﬃﬃﬃpp ; 3 and 5.
Similarly, one may see from Figs. 7 and 8 that when the damp-
ing ratio is equal to
ﬃﬃﬃ
p
p
, the curves are tangent to the axis of
zero displacement as in [20]. Again for values of greater thanﬃﬃﬃ
p
p
, the curves tend to zero without crossing the zero axis.
In this regard,
ﬃﬃﬃ
p
p
can be considered as critical damping. Again
here, one may observe that Fig. 7 is same as that of Fig. 2 of
562 S. Chakraverty, D. Behera[20]. It may be seen from [20] that the ﬁgure shown is for
xn = 10 rad/s. But actually the ﬁgure should be for
xn = 5 rad/s. Now, it is interesting to note that for all the
above cases, impulse responses give the oscillations above the
equilibrium position (i.e. at 1=x2n). In all the cases, the in-
creases in damping ratios affect the displacement of the oscil-
lation (decrease the oscillation) which is clearly visible in the
depicted ﬁgures.
8. Conclusions
Homotopy perturbation method has successfully been applied
to the solution of a fractionally damped viscoelastic system,
where the fraction derivative is considered as of order 1/2.
The unit step and impulse response functions with initial con-
ditions are chosen to illustrate the proposed method. This
method is found to be efﬁcient for computing approximate
solutions for differential equation of fractional order. The per-
formance of this method is shown and its results are compared
with analytical solution obtained by Podlubny [5] and numer-
ical solution of [20,25]. It is interesting to note that the results
obtained by present method exactly match with that of the
solution obtained by Podlubny [5], [20,25] in special cases. This
method may also be extended for multi-degree-of-freedom
systems.Acknowledgement
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